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ON POLARIZATION TYPES OF LAGRANGIAN FIBRATIONS 


BENJAMIN WIENECK 

Abstract. The generic fiber of a Lagrangian fibration on an irreducible holo- 
morphic symplectic manifold is an abelian variety. Associate a polarization type 
to such Lagrangian fibrations coming from polarizations on a generic fiber. We 
prove that this polarization type is constant in families of Lagrangian fibrations. 
Further, we determine the polarization type of K3^-type fibrations and conjec¬ 
ture that the polarization type should only depend on the deformation type of 
the total space. 
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1. Introduction 

The geometry of irreducible holomorphic symplectic manifolds or compact hy- 
perkahler manifolds seems to be quite rigid since very few deformation types are 
known. The only possible nontrivial fibrations such manifolds can admit are La¬ 
grangian fibrations as D. Matsushita showed, see Theorem 2.4. Lagrangian fibra¬ 
tions help us to understand the geometry of irreducible holomorphic symplectic 
manifolds. It is hoped that Lagrangian fibrations will be useful for the classifica¬ 
tion of irreducible holomorphic symplectic manifolds, see [Saw03]. 

Let / : A" —y B be a Lagrangian fibration. It is well known that all smooth 
fibers are abelian varieties even if X is not projective. Given a smooth fiber F an 
immediate question is to ask for polarizations on it which is by definition the first 
Chern class H = C\(L) of an ample line bundle L of F. We want to consider types 
of such polarizations on F. 
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The classical notion of polarizations on abelian varieties and their types can be 
found in the book [BL03] of H. Lange and C. Birkenhake, but we also recall the 
notion in section 4. 

By an observation of C. Voisin, see Proposition 4.3, it is known that for each 
smooth fiber F one can find a Kahler class oo on X such that the restriction uu\p is 
integral and primitive and hence defines a polarization on F. An ad-hoc definition 
of the polarization type of a Lagrangian hbration would be to set d(/) := d(o;|ir), 
where the latter is the polarization type of the polarization on F given by u\p. 
Indeed, this does not depend on the chosen smooth fiber F and the chosen oj, see 
Proposition 4.7 and Proposition 4.10. 

The proof of the main result Theorem 1.1 below, involves moduli theory of K3^~ 
type fibrations i.e. Lagrangian hbrations /: A" —» P" such that A" is of K.3^ - type. 

Theorem 1.1 Let f: X — >■ B be a Lagrangian fibration with dim A = 2 n. Then 
we associate to f a tuple d(/) e IT of positive integers called the polarization type 
such that the following holds. 

(i) Theorem 4.9 The polarization type is a deformation invariant of the fibra¬ 
tion i. e. if f : X' —> B l is a Lagrangian fibration deformation equivalent to 
f 1 then d(/) = d(/'). 

(ii) Theorem 6.1 If X is of K3^-type, then d(/) is principal i.e.d(f) = 

(i.i). 

Ultimately we expect the polarization type d(/) only to depend on the deforma¬ 
tion type of the total space A" of /: A" — y B. But this is possibly a too optimistic 
conjecture. 

In section 3 the moduli theory of Lagrangian hbrations is explained which is 
mostly a recollection of known facts for the convenience of the reader. In the 
case of Kd^-type hbrations this relies on methods developed by E. Markman in 
[Marll] and [Marl4], Besides that two results of D. Matsushita [Mat09], [Matl3] 
play an important role. The former one, see Theorem 3.2, states that every La¬ 
grangian hbration can be considered as a member of a family of Lagrangian hbra¬ 
tions parametrized by a small representative of deformation space Def(A", L) of the 
pair (X,L), where L is the pullback of an ample line bundle on the base space. 
Using this theory we describe how to obtain a connected component of the moduli 
space of K3^-type hbrations. 

In section 4 we construct the polarization of a Lagrangian hbration, prove the 
basic properties and the hrst part of Theorem 1.1. In particular a relation between 
the geometry of the moduli of Lagrangian hbrations and the polarization type is 


Mhis means we have an S'-morphism <j>: X —> P such that S is a connected complex space with 
finitely many irreducible components, X —> S is a family of irreducible holomorphic symplectic 
manifolds and P —> S is a family of projective varieties such that <j> t := <f>\x t ■ X t —> P* is a 
Lagrangian fibration for all t £ S and there are points L £ S, i = 1,2, such that / = (pt, and 
/' = ft 2 - 
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given, compare for instance Propostion 3.9 and Theorem 4.12. 

Section 5 recalls the notion of Beauville-Mukai systems which are examples of 
K3^-type fibrations. Further it is shown in Corollarly 5.6 that their polarization 
type is principal i.e. given by (1,..., 1) G Z n which follows from a work from C. 
Ciliberto and G. van der Geer [CvdG92] which is needed for the proof of Theorem 
6.1 (ii). 

In section 6 we prove Theorem 1.1 (ii) i.e. that the polarization types of K3^- 
fibrations is principal. The rough idea of the proof is the following. Every connected 
component of the moduli of K3^-type fibrations contains a Beauville -Mukai sys¬ 
tem which was found in [Marl4]. Then each two fibrations in such a component are 
deformation equivalent as fibrations hence the polarization type must be principal 
by Theorem 1.1 (i) since the polarization types of Beauville-Mukai systems are 
principal. A key tool for seeing if two Lagrangian fibrations belong to the same 
connected component of the moduli is a monodromy invariant function, see Lemma 
6.3 which was introduced in [Marl4]. 

Acknowledgements: I thank my advisor Klaus Hulck, Eyal Markman, Chris¬ 
tian Lehn and Malek Joumaah for helpful discussions. In particular Christian Lehn 
for also introducing me to this problem. Especially I want to thank Eyal Markman 
for hospitality at the University of Massachusetts in Amherst and explaining me 
so much about the moduli of Lagrangian fibrations. I also thank the referee, who 
read this work carefully and pointed out several mistakes and improvements. I 
gratefully acknowledge the support of the DFG Graduiertenkolleg 1463 “Analysis, 
Geometry and String Theory”. 

2. Irreducible symplectic manifolds and their fibrations 

In this section we recall the basic facts about irreducible holomorphic symplectic 
manifolds and their fibrations. 

Definition 2.1 A compact Kahler manifold X is called hyperkdhler or irreducible 
holomorphic symplectic ii X is simply connected and H°(X, fly) is generated by a 
nowhere degenerate holomorphic two-form a. 

Note that a is automatically symplectic since every holomorphic form on a com¬ 
pact Kahler manifold is closed. 

The irreducible holomorphic symplectic manifolds of dimension two are pre¬ 
cisely the K3 surfaces. The most basic higher dimensional example is provided by 
the Douady space of n points for a K3 surface S which parametrizes zero¬ 
dimensional subspaces of S of length l(Z) := dim cOz(Z) = n. A. Beauville 
[Bea84] showed that is an irreducible holomorphic symplectic manifold of di¬ 
mension 2 n. An irreducible holomorphic symplectic manifold is called of K3^-type 
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or K?f r ^ -type manifold if it is deformation equivalent to S ^ for a K3 surface S. 

The second cohomology H 2 ( A", Z) of any irreducible holomorphic symplectic 
manifold A admits the well known Beauville-Bogomolov-Fujiki quadratic form 
qx which is non-degenerate and of signature (3, & 2 PO — 3), see [GHJ03, 23.3]. The 
associated bilinear form is denoted by (•,•)• On an abstract lattice we also denote 
the bilinear form by (•,•). The lattice H 2 (X, Z) with the Beauville-Bogomolov- 
Fujiki form is invariant under deformations of the manifold A". For manifolds of 
K3^-type, n 7 ^ 1, this lattice is isometric to the K3^~type lattice 

E 8 (- 1)® 2 © f/® 3 © (2 - 2 n) , 

see [Bea84, Prop. 6 ] where (2 — 2 n) denotes the lattice of rank one with generator 
l such that (/, /) = 2 — 2 n, Eg(—1) the negative definite root lattice of type Eg and 
U the unimodular rank two hyperbolic lattice. 

If A is a lattice isometric to the second cohomology of an irreducible holomor¬ 
phic symplectic manifold X, then a marking on X is the choice of an isometry 
g : H 2 (X, Z) —> A. The tuple ( X,7 7 ) is then called a marked pair or a marked 
irreducible holomorphic symplectic manifold. 

If X is a fixed irreducible holomorphic symplectic manifold set A := H 2 (X, Z) 
and consider the Kuranishi family 7 r : X —> Def(A) with £ 0 := vr _ 1 (0) — Ah We 
will view the base Def(A) sometimes as a germ but also as a representative which 
we choose small enough i.e. simply connected and that all fibers are irreducible 
holomorphic symplectic. Then by Ehresmann’s theorem we can choose a trivial- 
ization £ : R 2 7 r*Z —> A also called a marking. Then define the local period map 
by 

V : Def(A) —► P(A C ), t —► (£ t ))] 

where Ac := A © C and £ t : (i? 2 7 r*Z) t C —* Ac is the induced map of stalks. It 
takes values in the period domain of type A [GHJ03, 22.3, 25.2] namely 

:= {p e P(A C ) | (p,p) = 0 and (p,p) > 0 } 

which is connected since the signature of qx is (3,rkA — 3), see [Bea84, Thm. 5]. 

Theorem 2.2 (Local Torelli, [Bea84], Thm. 5) If Def(A) is chosen small 
enough, the period map V : Def(A) —» is an open embedding. 

Two marked pairs (A. i = 1,2, are called isomorphic if there is an iso¬ 
morphism / : Xi —>■ A 2 such that g 2 = r)i o /*. There exists a moduli space of 
marked pairs 91t A := {(A, rj) marked pair } / = which can be constructed by glue¬ 
ing all deformation spaces Def(A) of irreducible holomorphic symplectic manifolds 
X with H 2 (X, Z) isometric to A. This gives a non-Hausdorff complex manifold of 
dimension rkA — 2. The global period map is 

V : 9H A —> H A , (A, 77 ) 1 —> [rj(H 2,0 (X))] 
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and is a local biholomorphism by the Local Torelli. If one takes an arbitrary 
connected component 971^ of TX\ then by a result of D. Huybrechts [GHJ03, Prop. 
25.12] the restriction V : —> Ha is surjective. 

If L denotes a line bundle on X by abuse of notation we also denote the universal 
family of the pair (X , L) by tt : Xl — >- Def(A, L ) which comes with a universal line 
bundle C on Xl such that (3Cl)o = X and £ 0 — L , see [Bea84, Cor. 1], where 
C t := C\x t and 0 G Def(A) is a reference point. We consider again Def(A", L) as a 
germ but as well as a small open representative. A representative of Def(A", L) is 
locally given by (ci(L), •) = 0 in Ha hence it is a smooth hypersurface in Def(A"), 
see [GHJ03, 26.1] and one defines Xl as the preimage of it under tt. The family 
7 r : Xl —> Def(A", L) is the restriction of the Kuranishi family tt : X —> Def(A) to 
X L and Def(X, L). 

For completeness we give the following definitions. 

Definition 2.3 Let A ?; , i = 1,2, be two irreducible holomorphic symplectic man¬ 
ifolds. An isomorphism P : H 2 (Xi, Z) — > H 2 ( A 2 ,Z) is called a parallel transport 
operator if there exists a family 7 r : X —> S of irreducible holomorphic symplectic 
manifolds, points £ such that X t . = A, and a continuous path 7 such that the 
parallel transport P 1 along 7 in the local system R 2 7 r*Z coincides with P. For 
X := Xi = X -2 it is also called a monodromy operator and the subgroup Mon 2 (A) 
of 0(H 2 ( A, Z)) generated by monodromy operators is called the monodromy group. 

Due to D. Matsushita much is known about nontrivial fiber structures on irre¬ 
ducible holomorphic symplectic manifolds. 

Theorem 2.4 (Matsushita, [Mat99], [MatOO], [MatOl], [Mat03]) Let f : X —» B 
be a surjective holomorphic map with connected fibers from an irreducible holomor¬ 
phic symplectic manifold X of dimension 2 n to a normal complex space B such 
that 0 < dim B < 2 n. Then the following statements hold. 

( i ) B is projective of dimension n and its Picard number is p(B) = 1. 

(ii) For all t G B the fiber X t := / _ 1 (t) is Lagrangian subspace i.e. <j\ X Tes = 0 
where A t rcg denotes the smooth part of X t . 

(Hi) If X t is smooth then it is a projective complex torus i.e. an abelian variety. 

Such a hbration / : A —>■ B as in the Theorem is called a Lagrangian fibration. 
If A" is a K3l n ]-type manifold then we call / : A —> B a A3 A -type fibration. 

If the base of the Lagrangian hbration is smooth even more is known due to a 
deep result of J.-M. Hwang which was recently slighty generalized by C. Lehn and 
D. Greb to the non-projective case. 

Theorem 2.5 (Hwang, [Hwa08], [GL14]) Let f : X —^ B be a Lagrangian 
fibration such that B is smooth and dim A = 2 n. Then B = P n . 

If / : A —>■ B is a K3 ? 'l type hbration then E. Markman [Marll, Thm. 1.3, Rem. 
1.8] in combination with a result of D. Matsushita [Mat 13, Thm. 1.2, Cor. 1.1] 
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has shown that B = P n without assuming smoothness of B. By [Yosl2, Appendix] 
also in combination with [Matl3, Thm. 1.2, Cor. 1.1] this holds for Lagrangian 
fibrations on irreducible holomorphic symplectic manifolds deformation equivalent 
to generalized Kunnner manifolds. Generalized Kunnner manifolds are another 
class of irreducible holomorphic symplectic manifolds introduced by A. Beauvillc 
[Bea84], The general conjecture is that the base is always the projective space. 

The basic example of a Lagrangian fibration is provided by the Douady space of 
an elliptic K3 surface / : S —» P 1 . Then one uses the Douady-Barlet map 

p : SW —► S ^ , Z ► £(dim c O z , z )z 

z£Z 

which is a resolution of singularities of the n-th symmetric product := (S x 
• • • x S)/H n to obtain a morphism 

g[n] P ^ q{u) f x-'-x f /pl\(n) ~ pn 

which is a Lagrangian fibration and the smooth fibers are given by products of el¬ 
liptic curves which are the smooth fibers of / : S —> P 1 . Note that two-dimensional 
Lagrangian fibrations are exactly the elliptic K3 surfaces. 

3. Moduli space of Lagrangian fibrations 

This section has the purpose to explain what we mean by the moduli space of 
Lagrangian fibrations. For the K3^-type we describe connected components of it. 
Many of the constructions and explanations can be found in [Mar 11], [Marl4] and 
[Mat 13]. 

D. Matsushita [Mat09] constructed a local moduli space for arbitrary Lagrangian 
fibrations. 

Definition 3.1 (i) A family of Lagrangian fibrations over a connected com¬ 

plex space S with finitely many irreducible components is an S'-morphism 



S 


where X —> S is a family of irreducible holomorphic symplectic manifolds 
and P —» S is a family of projective varieties such that for every s 6 5 
the restriction <f\x g '■ X s —> P s to the irreducible homorphic symplectic 
manifold X s is a Lagrangian fibration. 

(ii) Two Lagrangian fibrations fi and /2 are deformation equivalent if there 
is a family of Lagrangian fibrations over a connected complex space S 
containing /i and / 2 - 
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Let 7 r : X — y Def(X) denote the Kuranishi family of an irreducible holomorphic 
symplectic manifold X = 7 r _ 1 ( 0 ). For a line bundle L on X let 7 r : Xl —> Def(X, L) 
denote the universal family of the pair (X, L). Further denote by £ the universal 
line bundle on Xl and set £ t £|x it . 

Theorem 3.2 [Mat09, Cor. 1.3] Let f : X —>■ B be a Lagrangian fibration and 
L be the pullback of a very ample line bundle on B. Then C is a n-relatively base 
point free line bundle i.e. after shrinking the representative Def(X, L) there exists 
a family of Lagrangian fibrations 

X L - C -- P(7r*£) 

Def (X, L) 

over Def(X, L) such that Co = /■ 

Note that dim Def (X) = /t 1 (X, Tx) — ^(X) — 2. For a fixed deformation type of 
irreducible holomorphic symplectic manifolds with lattice A one can glue all total 
spaces Def(X, L) of such families Xl —> Def(X, L) for / : X —>• P n a Lagrangian 
fibration and L a line bundle on X as in the theorem. The result is a possibly non- 
Hausdorff moduli space of Lagrangian fibrations of dimension 62 (X) — 3. It is a 
smooth submanifold of codimension one of the moduli space of marked irreducible 
holomorphic symplectic manifolds Xft\. 

I 11 the K3^-type case E. Markman [Mar 14] provides methods to describe a con¬ 
nected component of the moduli space of Lagrangian fibrations lattice-theoretically. 

From now on in this section, X" usually denotes a K3^1-type manifold and A 
denotes the K3t n l-type lattice. However, some of the statements also holds for 
arbitrary irreducible holomorphic symplectic manifolds (which will be mentioned). 

For a period p G Ha let A (p) denote the integral Hodge structure of weight two 
of A determined by the period p that is 

A 2 , 0 (p) = p , A 0 , 2 (p) = p and A 1 ,:L (p) = {m G A c | (m,p) = ( m,p ) = 0} . 

We also set A 1,1 (p,R) := {m G A R \ ( m,p ) = 0} for R G {Z,M}. Further consider 
the sets 

C p := | in G A 1,1 ^, M) | (m,m) > oj and C\ := {m G A K | (■ m,m ) > 0} . 

Both sets are sometimes called positive cone. The latter one C R is connected and 
H 2 (C r ,7j) = Z, see [Marll, Lem. 4.1]. 

Lemma 3.3 [Marl4, 4.3] 

(i) The cone C p has two connected components. 
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(ii) A choice of an orientation of C\ determines a connected component C p of 
C p for all p6 O a- 

Choose a primitive isotropic class A G A and set 

n A x := {p e | (p, A) = 0} . 

Further choose a generator of H 2 (C\, Z) i.e. an orientation of C\, which determines 
a connected component C+ for every period p by Lemma 3.3. For p G A 

belongs to A 1,1 (p ) R) and is contained in the boundary of one of the connected 
components of C p since A is isotropic. Then consider only such periods p for which 
A belongs to the closure of the distinguished connected component C+ of C p of 
Lemma 3.3 i.e. 

O+x := |p G fl\± | A G . 

Let 97t A denote the moduli space of isomorphism classes of marked pairs (A", rj) of 
K3^-type i.e. A is an irreducible holomorphic symplectic manifold of K3^-type 
and 7] : H 2 (X,7f) —* A is a marking. Choose a connected component 97T]( of 97t A 
and consider the period map 

V : —► fi A , (A', n) >—> [ri(H 2 -°(X))]. 

Choose the orientation of C\ compatible to Wl° A in the following way. If (A, rj) G 
97t^ then there is a canonical choice for the connected component of 

[x G if 1,1 (A, R) | (x,x) > 0} 

namely the positive cone C\ which contains the Kaliler cone JCx of A. Set p 
V(X, rj) then ^(i/ 1 ’ 1 (A, R)) = A 1,1 ^, R) and compatibility means that r/(C]£) = C+. 

Let A G A isotropic. Then for a (A, rj) G 97TC either rj~ 1 ( A) or A) belongs 
to dC~f- Assume that the former is the case, otherwise take —A. Then set 

:= V [ = |(A, rj) G 97t^ | ?/~ 1 (A) is of type (1,1) and in dCx } 

which is a connected hypersurface of 97T]( by [Marl4, Lem. 4.4] (compare with 
[Marl3, Cor. 5.11]). Set 

U^a := | (A, rj) G 97l^± | rf 1 { A) is nefj . 

We claim that this space il^ ± is a connected component of the moduli space of 
K3^-type fibrations, see Theorem 3.7 below. Furthermore it is connected and 
open in 97L(_ l . 

Remark 3.4 Recall that a holomorphic line bundle L G Pic(A) = NS(A) on an 
irreducible holomorphic symplectic manifold X is called nef if Ci(L) belongs to the 
closure of the Kahler cone JCx hi H 1,1 ( A", R). 

The following Lemma should be well known, however we recall it for the reader’s 


convenience. 


9 


Lemma 3.5 Let f : X —?• B be a Lagrangian fibration with X 7iot necessarily of 
K?f r ^ -type and let L := f*A be the pullback of a line bundle A on B. 

(i) L is isotropic with respect to the Beauville-Bogomolov quadratic form. 

(ii) If A admits nontrivial sections then L is nef. If X is of -type and 
A = Opn(l) on B = P n , then L is primitive. 

(Hi) [Mat 13] Assume B = P n and A ample. If C is the universal line bun¬ 
dle of the Kuranishi family —> Def(X, L) and D a representative of 

Def(X, L), then the loci 


Dreg — {t E D | : %t \£t\ is a Lagrangian fibration j , 


D 


nef 


= {t E D | C t is nef} 


coincide and are open and dense in D. Here ip\c t \ denotes the induced map 
by the linear system \C t \. 


Proof: (i) This is an immediate consequence from Fujiki’s relation [GHJ03, 

Prop. 3.9]. 

(ii) The pullback L is an effective divisor class, hence ci(L) belongs to the 
boundary of the positive cone Cf. By Theorem 2.4 we know that p(B) = 1, 
therefore A is ample (hence nef, cf. [Laz04, 1.4.1]), since A admits a non¬ 
trivial section. Therefore, if C C X is a curve then L-C — deg(/*A|c) > 0, 
in particular for any rational curve C. By [Huy03, Prop. 3.2] this implies 
that Ci(L) is contained in the closure of the Kahler cone i.e. it is nef. 

Assume X to be of K3^-type. If L = f*Opn(l) is not primitive, then 
write L = kL' with k > 1 and L' primitive. The line bundle L' is isotropic 
and nef since L is isotropic by (i) and nef by the first statement. By 
[Matl3, Thm. 1.2, Cor. 1.1] in combination with [Marl4, Thm. 1.3, 
Rmk. 1.8] the induced map <p\L'\ - X —y \L'\ = P n by \L'\ is a Lagrangian 
fibration. Clearly we have L' = </9| r i ,|(Ppn(l), hence L = Lp* L ,\0^n(k) . Since 
ip\L>\ is surjective, we get 

n +1 = h°(X,L) > h 0 (r\O P n(k)) = > n+ 1, 

a contradiction. 

(Hi) By [Mat 13, Thm. 1.2] the locus D reg is open and dense in D. By (ii) we 
have D reg C D ne f. The reverse inclusion follows by [Mat 13, Claim 3.2], 

□ 


As a consequence of (iii) of the Lemma above UC is locally isomorphic to 
Def (X,L). 

Proposition 3.6 Let (X, rf) be a marked irreducible holomorphic symplectic man¬ 
ifold of K?fA -type, f : X —> P" be a Lagrangian fibration on X and L = f*Opn( 1). 
Set A := rj(ci(L)). Then and Def(X, L) are locally isomorphic around (X,rj) 
and 0 respectively. 
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Proof: By construction, the moduli of marked pairs of K3^-type 9JL\ is locally 
around (. X,rj ) isomorphic to the open set Def(X"). This identification restricts to 
an open inclusion Def(A", L) C Conclude by using Lemma 3.5 (iii) to see that 

locally around 0 and (X, rj) the spaces Def(X, L) and respectively coincide. □ 

Theorem 3.7 Let X be a primitive and isotropic element in the K3^-lattice A. 
The space il^x has the following properties. 

(i) It parametrizes isomorphism classes of marked pairs (X,rj) ofWX° A with X 
of K3^ -type admitting a Lagrangian fibration f : A" —* P rt such that 

v(ci(rO F n( 1))) = A. 

(ii) It is open in 9Jt A x and connected. 

(iii) It is smooth and of dimension 20. 

Proof: (i) Let (X, rj) G il A± . As H l (X, Ox) = 0 the exponential sequence on 

X is 

• • • 0 — > Pic (A") ^4 h 2 (X, Z) —> H 2 (X, Ox)->---. 

Since ri~ 1 ( A) is of type (1,1) it is in the kernel of H 2 (X, Z) —* H 2 (X, Ox) 
so we can find an unique line bundle L on X such that Ci(L) = ^^ 1 (A). 
Then by [Matl3, Thm. 1.2, Cor. 1.1] in combination with [Marl4, Thm. 
1.3, Rink. 1.8] L induces a Lagrangian fibration / : X —» \L*\ = P” since 
? 7 _1 (A) is nef by assumption. 

Conversely let (A", rj) be a marked pair with X of K3l"i-type admitting a 
Lagrangian fibration / : X —> P n . Then A := rj(ci(f*Opn(l))) is primitive 
and isotropic by Lemma 3.5 (i) and (ii). We then have V(X,rj) G QA 
i.e. (. X,rj) is in In particular ?/ -1 (A) = Ci(/*(Tpn(l)) is nef by Lemma 

3.5 (ii). This implies that (X,rj) is in il A ±. 

(ii) By Proposition 3.6 and Lemma 3.5 (iii) is open. Let (X,rj) be in 
\AI a x, then by definition ?/ -1 (A) is not nef. By [Riel4, Prop. 3.14.] 
there exists a nronodronry operator g G Mon 2 (A") such that g preserves 
the Hodge structure of H 2 (X,Z) and g(r}~ 1 (\)) G BJCx where the latter 
denotes the closure of the birational Kahler cone BXx- By [MY15, Cor. 
1.5] there exists a bimeromorphic map 0 : X —> X' where X' is irreducible 
holomorphic symplectic such that g(r]~ 1 (X)) = 0*ct where a G Xx is nef 
on X'. Then rj := r\ o g _1 o 0* is a marking on X' and r]'~ 1 ( A) = a is nef, 
hence the pair (. X',rf) is contained in 11°x. Since g preserves the Hodge 
structure we have in particular P(X, rj) = P(X', ?/) for the periods. By M. 
Verbitsky’s Global Torelli [Verl3, Thm. 4.24] the pairs (X,rj) and (X',rj) 
are inseparable points of This shows that the Hausdorffization of 

SOl^x coincide with the Hausdorffization of il A x which therefore must be 
connected since 9H A x is connected. We conclude that il A x is connected as 
its Hausdorffization is. 
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(iii) This was shown in Proposition 3.6. 

□ 

In the following we deal with the question: when do two Lagrangian fibrations 
on K 3 ^-type manifolds lie in the same connected component ib( x ? 

Definition 3.8 [Marl3, 5.2] Let X t , i = 1,2, denote two irreducible holomorphic 
symplectic manifolds and Li line bundles on Xj. The pairs (X\,Lf) and (X 2 , L 2 ) 
are called deformation equivalent if there exist a family tt : X —y S of irreducible 
holomorphic symplectic manifolds over a connected complex space S with finitely 
many irreducible components, a section e of which is of Hodge type (1,1) 

everywhere, points t t in S such that X t . = AQ and e ti = cfiLfi). 

Proposition 3.9 Let fi : X t —> P n , i — 1,2, denote two Lagrangian fibrations 
with Xi of K3 I"! -type and set Li := f *0^,(1). Then the following statements are 
equivalent. 

( i ) The Lagrangian fibrations fi are deformation equivalent in sense of Defi¬ 
nition 3.1. 

(ii) The pairs (Xi, Li) are deformation equivalent. 

(Hi) There exist markings g t : iL 2 (AQ,Z) —* A such that 

Vi(ci(Li)) = g 2 (c x (L 2 )) 

and gf 1 o g l is a parallel transport operator. 

(iv) There exist markings rg : H 2 (Xi, Z) —y A such that the marked pairs 
(Xi, rji) are contained in the same connected component l\° x± for a primitive 
isotropic class A in the K3^-type lattice. 

Proof: (i) (ii) Consider a family of Lagrangrian fibrations <f : X —> P over a 
complex space S with points L such that <f ti = fi where we can assume that P 
is a projective bundle as the fi are fibered over P n . Let tt : X — » S denote the 
family of irreducible holomorphic symplectic manifolds belonging to the family </>. 
Let C := 4>*Op( 1) then e t C\(C\x t ) is clearly of Hodge type (1,1) everywhere 
and defines a section of R 2 irfiL such that = L t hence the pairs (Xi, Lf) are 
deformation equivalent. 

(ii) =>■ (iii) Pick markings gi that only differ by a parallel transport operator 
induced by a family tt : X —> S as in the Definition 3.8. 

(iii) (iv) As g 2 lo gi is a parallel transport operator the manifolds AQ belong to 

a family of irreducible holomorphic symplectic manifolds. Hence the marked pairs 
(Xi,gf) belong to a connected component Wl° A of the moduli of marked pairs. The 
condition that A := ?/i(ci(Li)) = g 2 (ci(L 2 )) then implies that the pairs (X^gf) are 
contained in but also in il^ x since the L, are nef and ib( x is connected by 

Theorem 3.7 (ii). 

(iv) (i) Choose a path 7 in Hj( x connecting the marked pairs (X^gf). We can 
choose finitely many points X\,... ,Xn which lie on 7 with the following properties 


12 


BENJAMIN WIENECK 


• (Xi, 771 ) = X\ and (X 2 , rj 2 ) = x N 

• By Theorem 3.7 each Xk corresponds to a Lagrangian fibration fk : Xk —> 

P" which belongs by Theorem 3.2 to a family of Lagrangian fibrations 
(k ■ Xk —> Pk parametrised by Def^ := Def(AA,/^Op^l)). Therefore 
each Xfc admits the neighbourhood Deffc with Def^. fl Deffc+i 7 ^ 0, for /c = 
1 .V- 1. 

• Note that 7 is covered by the Def^, k = 1 ,,N. 

Choose points in Zk in Def^ fl Deffc + i for k = 1,..., N — 1. 

• Set S := UfcLi Deffc / ~ where ~ glues Def^ and Def fc+1 at the point 27 for 
k — 1,..., N — 1. 

• Further set X := ~ where ~ glues Xk and Xk+i at ( Xk) Zk and 

(Xfc + i) 2fe . Note that those fibers are isomorphic. 

• Denote by 717 : Xk —> Def^ the family of irreducible holomorphic symplectic 
manifolds belonging to the family Q, as in Theorem 3.2. Then the map i r : 
X —> S defined by 7r|x fe := is well defined and is a family of irreducible 
holomorphic symplectic manifolds. 

• Set P := ll£Li Pk/ ~ where ~ glues Pk and Pk+i at the projective spaces 
( Pk) Zk and ( Pk+i) Zk+1 for k = 1,..., N - 1. We get a morphism P -»■ S 
which is induced by the morphisms Pk —> Def^, k — 1,..., N. This map 
is a family of projective spaces hence a projective bundle. 

Putting everything together we can define a map </> : X —^ P locally given by the 
(k : Xk —> Pk, k = 1 ,..., N. This defines by construction a family of Lagrangian 
fibrations over S containing f\ = <f> Xl and f 2 = (ft X2 ■ □ 


4. Polarization types of Lagrangian fibrations 

Let X be an irreducible holomorphic symplectic manifold of dimension 2 n and 
f : X B a Lagrangian fibration. For a general point t G B the associated fiber 
F := /” 1 (t) is an abelian variety even when X is not projective. That F is actually 
projective follows from [Cam06, Prop. 2.1]. A related statement of the latter is 
Proposition 4.3. 

I11 this section it is explained how to associate to / a tuple d(/) G 7L n of positive 
integers which is called the polarization type of the fibration. This type d(/) is the 
type of a polarization on F in the classical sense. 

Definition 4.1 Let F denote a smooth fiber. We say that a Kahler class 00 G 
iL 1 , 1 (X, M) is special with respect to F if the restriction u\p is integral i.e. contained 
in H 2 (F, Z) and primitive i.e. indivisible. We call such an oj just special if there is 
no confusion with the fiber F. 

Example 4.2 Of course every ample line bundle C G Pic(X) defines a Kahler 
class Ci(£) G L7 1 ’ 1 (A", Z) which is integral on all fibers and for each smooth fiber F 
we can find a natural number k such that ui := |ci(£) is special with respect to F. 
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The following Proposition is related to an observation of C. Voisin, see [Cam06, 
Proof of Prop. 2.1]. 

Proposition 4.3 For every smooth fiber F there is a Kdhler class oj € H 1,1 (X, M) 
which is special with respect to F. 

Proof: We have a surjective projection p : Ff 2 (X, M) —> H 1,1 ( X, M) which is 
induced by the Hodge decomposition. As H 2 (X,Q) is dense in H 2 (X, M) also 
p(H 2 (X, Q)) is dense in M). Since the Kahler cone K-x is open in H 1,1 (X, M) 

we have p(F[ 2 (X, Q)) n JCx 0 so that we can find a class a £ F[ 2 (X, Q) with 
p(a) £ K.x- Denote by r : F[ 2 (X, M) —» H 2 (F, R) the restriction. As F is La- 
grangian and H 2,0 (X) is generated by the holomorphic symplectic form the re¬ 
striction rfl- 2,0 : F[ 2 ’°(X) —> F[ 2 ’°(F) on holomorphic 2-forms is zero, hence the 
non-(l, 1) parts of a are in the kernel of r so we have r(a) = r(p(a)). Then take 
a positive number m > 0 such that mr(a) £ H 2 (F,7j) is integral and primitive. 
Consequently c o := mp(a) is a special Kahler class on X with respect to F since 
r{u) = mr(p(a)) = mr(a ) £ H 2 (F, Z). □ 

A polarization on an abelian variety A is by definition the first Chern class 
Ci(L) £ H 2 (A,7j) of an ample line bundle L on A. The restriction oo\p of a Kah¬ 
ler class which is special with respect to the smooth fiber F defines a primitive 
polarization on the abelian variety F. 

Lemma 4.4 Let Xx be the Kdhler cone of X, F a smooth fiber and r : F[ 2 (X, C) —y 
F[ 2 (F, C) the restriction. 

(i) Then rkr = 1, and 

( ii ) G := r(JCx) C H 1,1 (F, M) is a ray that contains integral points. 

Proof: (z) By [Voi92, Prop 1.2, Lemma 1.5] the space 

Dp '■= {t £ Def(X) | there exists a deformation Ft C X t of F} . 

is a complex submanifold of Def(X) and for its codimension in Def(X) 
one has codim Dp = rkr. 

Let L be the pullback of a very ample line bundle on B by /. Then 
Def(X, L) C Dp: By Theorem 3.2 we have a family ( : Xp —> P := P(7t*L) 
of Lagrangian hbrations over Def(X, L) where 7r : Xl —> Def(X, L) is the 
universal family of the pair (X, L) such that Co = /• Let F = X to be the 
fiber over the point t 0 E B = Pq. Then we can choose a neighbourhood 
U of 0 and a local holomorphic section s : U —> P of the P”-£bration 
Xl —t P such that s(0) = t 0 . Then the fiber product F := U Xp Xl 
gives a deformation pr^ : F —» U of F 0 = F hence U C Def(X, L) 
i.e. Def(A", L) C Dp as germs. For the codimensions in Def(X) we have in 
particular 

1= codim Def (X, L) > codim Dp = rkr > 1 
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as a Kahler class on X restricts to a nontrivial element in H 2 (F, C). We 
conclude that rk r = 1. 

(n) By (i) we have also rk(r : H 1,1 ( X, M) —» M)) = 1. As Kx is open in 

H 1}1 (X, M) it follows that dim G = 1. Since restrictions of Kahler classes 
are still Kahler classes, G is a ray. By Proposition 4.3 G contains integral 
points. 

□ 

Remark 4.5 (i) If n : X —> Def(X) denotes the Knranishi family then the lo¬ 

cal system i? 2 7r*Cx is trivial as we assume Def(X) to be simply connected. 
By Ehresmann’s theorem we can choose a differentiable trivialization 

ajgK--- X x Def (X) 

Def(X) 

where we denote by p t := p\x : X —> X t the associated fiber diffeomor- 
phism. Further we can choose a relative holomorphic form a i.e. a section 
of 0|/D e f(x) such that the restriction a t ■= &\x t is a holomorphic symplec- 
tic form on £ t . Then the space Dp in the proof of Lemma 4.4 can also be 
defined as 

D F = {te Def(X) | r[p*cp] = 0 G H 2 (F, C)} , 
see [Voi92, Thm 0.1]. 

(m) From the proof it also follows that Dp = Def(X, L) as germs as Dp is 
irreducible and contained in Def (A", L), but both have codimension one in 
Def (A). 

Let A C B be the discriminant locus of the Lagrangian hbration / : A — > B, 
which is by definition the set parametrizing the singular fibers. Note that in general 
A is a reducible hypersurface in B, see [HO09, Prop 3.1]. Then B° := B — A is a 
connected open subset and the restriction g := /|j-i( S o) : f~ l (B°) —» B° is a proper 
holomorphic submersion. Let C|f 0 denote the sheaf of smooth real functions on B°. 
By Ehresmann’s theorem % -R 2 g*M 0 C^ 0 is a differentiable real vector bundle 
on B° which comes with a canonical flat connection V called the Gauss-Manin 
connection, see [Voi02, 9.2.1], 

For each t e B° consider the restriction r t : H 2 ( A, M) —> R 2 (At,M) where 
X t := Set Q t r t (JCx) H H 2 { A t ,Z). By Lemma 4.4 Q t is a non-empty 

semigroup of rank one. We can define a map 

(1) a : B° —» B such that a(t) G Gt C H 2 { Ah,M) 

is the unique integral and primitive element in Q t for all t G B°. 
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Proposition 4.6 The Gt form a local system G of semigroups on B°. The map 
a\ B° —yTL is continuous, and thus can be considered as a section of G ■ 

Proof: Consider the family of sections 

(2) ip : K-x x B° — y TL , ( u>,t ) i— y • 

Then the image of <p is the union of rays in each H 2 (X t ,M.) considered in Lemma 
4.4 containing integral points. Note that the family ip is differentiable as for each 
oj G JCx the corresponding section <p(uj, •) is differentiable. More precisely it is flat, 
i.e. V< p(oj, ■) = 0 for each oj G Kx which follows from the Cartan-Lie formula, see 
[Voi02, 9.2.2], 

Let TL y be the sheaf of flat sections of TL — i? 2 g*M <S> Cff a . As (p is a flat family 
the image irn ip is a local system of semigroups which is contained in "H v . Then 
define Q irn ip fl R 2 gGL which is in a canonical way a local system whose stalks 
are given precisely by Gt- 

Take an open cover B° = U fUi such that G is trivial on each U t say GfUf) = G 
for all i where G Gt for a fixed t. For each % the restriction a\u i is the unique 
primitive element in G. They glue to an unique global section of G which is precisely 
a. Hence a is continuous as a section of the local system G and in particular as a 
map B° —y TL. □ 

Clearly aft) G H 2 (X t ,7j) defines a polarization on the abelian variety X t for 
every t G B°. To any polarization on an abelian variety one can associate a tuple 
of positive integers which is called the polarization type, see [BL03, p. 70], in the 
following way. 

Since X t is an abelian variety we have an identification H 2 (X t , Z) = A 2 Hi(X tl Z) v , 
see [BL03, Cor. 1.3.2], We can interpret aft) : A t ® A t —y Z as an alternating in¬ 
tegral form on the lattice A t := Hi(X t , Z). By the elementary divisor theorem we 
can find a basis of A t for which aft) has the form 

= (_D o) 

where D = diag(Ai,... A n ) is an integral diagonal matrix with A; > 0 and Aj|Aj + i. 
The tuple 

d (f,t) ■■= (Ai,...,A n ) 

is called the polarization type of aft) and a priori depends on t G B°. We also 
use the notation d (L) for the type of a polarization L on an abelian variety in the 
classical sense [BL03, p. 70] i.e. d(/, t) = d (aft)). 

Proposition 4.7 The polarization type d(/, •) : B° —y Z n is constant. 

Proof: By construction for t G B° the associated tuple d(/, t) is the diagonal of 
one of the blocks of the representation matrix of aft) : A t x A* —> Z with respect 
to a chosen basis bi(t),. .., b 2 n {t) of the lattice Hi(X t ,7j). This correspondence 
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is continuous and since d(/, •) is integer valued in each component it is locally 
constant hence constant as B° is connected. □ 

Definition 4.8 For each Lagrangian fibration / : X —>• B the associated tuple 
d(/) in Z n is called the polarization type of /. 

Theorem 4.9 The polarization type stays constant in a family of Lagrangian 
fibrations. In particular two Lagrangian fibrations which are deformation equivalent 
as Lagrangian fibrations have the same polarization type. 

Proof: The proof is similar to the one of Proposition 4.6. Let 0 : X —> P be 
a family of Lagrangian fibrations parametrized by a complex space S. Setting 
B := Uses B° where as before B° := P s — A s is the base of the Lagrangian fibration 
0s : = 4>\x s : Ts —» P s without the discriminant locus. Note that B is connected 
as it is P without a real codimension two subset. Set 0 := 0| 7r - 1 (s) : 0 _1 (£>) —> B 
which is a holomorphic submersion. 

With same argument as in Proposition 4.6 we get a section A : B —>■ A 2 0*Z such 
that for t G B s the value Aft) coincides with a s ft ), where a s is the continuous 
map a s : B° —>• TL S as in (1) which is associated to the Lagrangian fibration 0 S . 
Let d(A(t)) denote the polarization type of the polarization Aft) on the abelian 
variety (X s )t for t G B°. As B is connected the continuous map d(A(-)) : B —> 7L n 
must be constant. Since d(0 s ) = d(a s (t)) = d(A(f)) for t G B° we see that d(0 s ) 
is constant on S. □ 

Proposition 4.10 Let f : X —>■ B be a Lagrangian fibration andiv a special Kahler 
class with respect to a smooth fiber F. Then d(/) is given by the polarization type 
ofu\ F i.e.d(f) = d(c0 F ). 

Proof: As u\ F is the restriction of a Kahler class it is contained in the ray G 
of Lemma 4.4. Since oj\ f is primitive it is in the image of a : B° —y PL of (1) 
i.e. aft) = oj\ f for F = X t . □ 

Example 4.11 Let / : S —» P 1 be an elliptic K3 surface and c o a special Kahler 
class on S with respect to a smooth fiber F. As F is an elliptic curve we have 
H 2 (F, Z) = Z. Since uj\ f is primitive it is the generator of H 2 (F , Z) and so u\ F — 
Ci(L) for an ample line bundle of degree deg(L) = 1. By the Proposition above 
and [BL03, Lem. 3.6.4, Lem. 3.6.5] we have 

d(/) = d(w| F ) = [ Ci(L) = deg(L) = 1 
Jf 

as one can identify the degree with integration of the first Chern class. 

Theorem 4.12 The associated Lagrangian fibrations of two marked pairs which 
define points in the same connected component HU of the moduli of Lagrangian 
fibrations of - type for a primitive isotropic class A in the K2^-type lattice 
have the same polarization type. 
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Proof: By Proposition 3.9 the associated Lagrangian fibrations are deformation 
equivalent and the claim follows by Proposition 4.9. □ 

A very optimistic conjecture is the following. 

Conjecture 4.13 Let fi : X % —> Bi, i = 1,2, be two Lagrangian fibrations such 
that Xi and X 2 are deformation equivalent. Then d(/i) = d(/ 2 ). 

As every known irreducible holomorphic symplectic manifold can be deformed 
to one which admits a Lagrangian hbration this conjecture would basically give a 
new deformation invariant. In section 6 we verify this conjecture for manifolds of 
K3W-type. 


5. Beauville-Mukai systems 

This section has the purpose to recall the notion of Beauvillc-Mukai systems 
which are important examples of KB^-type fibrations and to determine their po¬ 
larization type. 

Let S be a projective K3 surface and let H*(S) denote the Mukai lattice i.e. 

H m {S) := if°(S,Z)©if 2 * (S,Z)©if 4 (S,Z) 

together with the bilinear form defined by (v, w) := (v 2 , w 2 ) — f s (v 0 A w 4 + v 4 A w a ) 
where (v 2 ,w 2 ) = f s v 2 A w 2 denotes the intersection form on H 2 (S,Z) and v = 
Vq + v 2 + t >4 with iq G H l (S,7f) the decomposition in H*(S) and similarly for w. 
This lattice is even, unimodular, of rank 24 and isometric to 

(3) A := Ak 3©P = ^(-l)® 2 © C® 4 

where A K 3 © H 2 (S,Z) is the the K3 lattice, E 8 (— 1) the negative definite root 
lattice of type E$ and U the unimodular rank two hyperbolic lattice. We identify 
if 4 (S', Z) = Z where we use the Poincare dual to a point as a generator and similarly 
H°(S, Z) = Z by taking the Poincare dual of S. 

A Mukai vector is a tuple v = ( r,l,s ) G H°(S, Z) © i/ 1 ’ 1 (S', Z) © H 4 (S,Z) such 
that r > 0 and l is effective if r = 0. For a coherent sheaf E G Coh(S') set 
v(E) := ch(J r ) i yTd(jS) which is a Mukai vector as easily verified 2 . 

By [HL10, 4.C] for each Mukai vector v there is a distinguished countable system 
of hyperplanes called v-walls in the the real ample cone A(S) ©M which is locally 
finite. An ample divisor H on S is called v-generic if it lies outside the union of 
such v- walls. 

Choose a Mukai vector v together with a u-generic ample class H and consider 
the moduli space M'fi(v) of if-stable pure coherent sheaves E on S with v(E) = v. 


2 Note that v{E) = (rklW), Ci (E),x(E) — rk (J 7 ) = (rk (E), c\{E), \c\ (J 7 ) 2 — c 2 {E) + rkfW)) as 

x/TdCS) = 1 + to where to denote the Poincare dual of a point since we consider sheaves on a K3 

surface. 
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Then general results of many authors, see for instance [Muk84] and [YosOl], imply 
that Mjj(v ) is a holomorphic symplectic manifold of dimension 2 n (v,v) + 2. It 
is not necessarily compact. To compactify one needs to add semistable sheaves but 
under the assumption that v is primitive any //-semistable sheaf T with r/J 7 ) = v 
is automatically //-stable and we denote the moduli space in this case just by 
Mh(v) which is a K3^-type manifold, see [YosOl, Prop. 4.12], 

Example 5.1 Let S' be a projective K3 surface, and J- a sheaf on S such that 
C := supp(J r ) is a smooth irreducible curve of genus g with rk(J r |c) = 1. Then 
rk(J r ) = 0 and ci(iF) = c\{Os{C)). We have H l (C, T\c) = //*(S, J 7 ) (see this for 
instance with Cecil cohomology), hence y(J r | c) — x{F)- The Riemann-Roch for 
curves gives 

v(F) = (0, Cl (^), X (^)-rk(^)) = (0,C,1 — g + d) 
where d denotes the degree of the restriction of T to C. 

Let v be a primitive Mukai vector on S of the form v = (0, Ci(D), s ) where D is 
a big and nef divisor on S. Note that we have h°(S, D ) = / (D. D) + 2 = n + 1. 
Choose a ^-generic ample class H on S, hence Mniy) is an irreducible holomorphic 
symplectic manifold. It comes with a natural Lagrangian fibration in the following 
way. 

The space Mh(v ) parametrizes sheaves J- on S with vi^T) = v i.e.J- is of rank 
zero with Chern class Ci(J r ) = C\{D). In particular T is supported on a divisor 
which is an element of \D\ = P n . Then we can define 

7T : M h (v) —> \D\* , T i—> supp T 

to obtain a holomorphic map Mh(v ) —> \D\*. Since Mh(v ) is irreducible holomor¬ 
phic symplectic n is a Lagrangian fibration by Matsushita’s Theorem 2.4. If C is 
a smooth curve and an element of \D\ then the fiber 7r -1 (C) is the Jacobian of the 
curve C by construction. 

Definition 5.2 Let S' be a projective K3 surface. Fix a big and nef divisor D on S, 
a primitive Mukai vector of the form v = (0, Ci(ZJ), s) and a v-generic polarization 
H. The Lagrangian fibration 7r : Mjj{v ) —> \D\*, T i—>• supp J 7 as above is called a 
Beauville-Mukai system. 

Remark 5.3 More classically Beauvillc-Mukai systems arise from linear systems 
induced by a smooth curve in S in the following way. Let C C S denote an 
irreducible smooth curve of genus n. Under the assumption that Pic(S') is generated 
by Os(C) all curves in the linear system C are reduced and irreducible. By 
Riemann-Roch it follows that \C\ = P n . Let C —y P" denote the associated family 
of curves. For each d, the relative compactified Jacobian n : X := Pic (C/P") —y P" 
exists, see [D’S79, II, 1-4] or [AK80, Thm. 6.6]. 

Setting v := (0,Ci(C),d + 1 — n) there is an identification of Pic (C/P n ) with 
Mh(v), see [Muk84, Ex. 0.5], given by the following map. For a pair (C^C 7 ) 
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representing an element in X , consider the inclusion t : C t ^ S. Then associate to 
it the element i+T G Mh(v). 

In particular one can see Mh{v ) as a generalization of the classical definition 
of a Beauville-Mukai system since the construction with the compactihed Picard 
scheme only works if the linear system contains only reduced and irreducible curves. 

Lemma 5.4 Let A be an abelian variety. 

(i) IfEind(A) = Z then its Picard number is p(A) = 1. 

(ii) If A = Jac(C) is a Jacobian of a smooth curve C and p(A) = 1 then the 
primitive polarization 0 on A is principal i.e. d(0) = (1,..., 1). 

Proof: (i) By [BL03, Prop. 5.2.1] there is an isomorphism NS(A) 0 Q = V 

where V is a Q-subspace of End(A) 0 Q. The latter has dimension 1 by 
assumption hence p(A) = dirriQ NS (A) 0 Q = 1. 

(ii) It is well known that on every Jacobian of a curve there exists a primitive 
principal polarization, see [BL03, Prop 11.1.2]. Since p(A) = 1 it must be 
unique. 

□ 

Theorem 5.5 [CvdG92, Thm. 1.1, Cor. 1.2] Let S be a projective K3 surface and 
V a linear system on it. If C is a general element of V and Jac(C) the Jacobian 
of C then End(Jac(C)) = Z. 

Proof: This follows directly from [CvdG92, Thm. 1.1, Cor. 1.2] since K3 surfaces 
satisfy H 1 (S , Os) = 0. One has to note that the condition in [CvdG92, Thm. 1.1] 
that V defines a birational map from S to its image can be dropped because the 
authors only use this to conclude that the pullback morphism 

Pic°(S) —»• Pic°(G) = Jac (C) 

has finite kernel, see [CvdG92, p. 35, 2.II.]. Since S is K3 we have Pic 0 (S') = 0 
and so this condition is satisfied. □ 

Corollary 5.6 The Picard number of the generic smooth fiber of a Beauville- 
Mukai system 7r : X —y \D\* equals one. In particular d(7r) = (1,..., 1). 

Proof: The Erst statement follows immediately from Theorem 5.5 and Lemma 
5.4 (i). A special Kahler class u on Mh(v) with respect to a fiber F which is 
a Jacobian of a curve restricts to the unique primitive polarization on F since 
p(F) = 1. Then by Lemma 5.4 (ii) above this polarization is principal, hence 
d(vr) = d(o;|ir) = (1,..., 1) by Proposition 4.10. □ 

6. Polarization type of KS^-type fibrations 

In this section we verify Conjecture 4.13 for K3l n l-type manifolds which follows 
by methods developed by E. Markman [Marl4], 
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Theorem 6.1 Let f : A —>■ P" be a Lagrangian fibration with X of K3^-type. 
Then the polarization type d(/) is principal i.e. it is given by d(/) = (1,..., 1). 

For the following see also section 2. of [Mar 14]. 

Definition 6.2 Let A be an element in a lattice A. Then define the divisibility of 
A as 

Div(A) := max (feN | (A ,-)/k is an integral class in the dual A v } . 

Let A denote the K3^-type lattice and let X be a K3^-type manifold. Fix a 
positive integer d such that d 2 divides n — 1. Next we associate to an isotropic and 
primitive class A € A a lattice in the following way. 

Let A denote the Mukai lattice, see equation (3). Then by [MarlO, Thm. 1.10] 
A" comes with a natural monodromy invariant 0(A)-orbit Lx of primitive iso¬ 
metric embeddings l : H 2 ( A, Z) <—>- A. Choose a primitive isometric embedding 
l : H 2 (A, Z) ^ A in Lx■ Since l(H 2 (X, Z)) is of rank 23 and the Mukai lattice is of 
rank 24 the orthogonal complement l(H 2 (X, Z)) 2 - is of rank 1. Choose a generator 
v of l(H 2 (X, Z))- 1 . Note that ( v , v ) = 2n —2. Then define the lattice H( A) to be the 
saturation of (v, l( A)) C A i.e. H( A) is the maximal sublattice of A such that H( A) 
is of rank two and contains (v,t( A)). Two pairs (H i,iq) and (H 2 , v 2 ) are called 
isometric if there is an isometry g : H\ —>■ H 2 such that g(v i) = v 2 . The isom¬ 
etry class of (H(X),v) only depends on A since the 0(A)-orbit Lx is monodromy 
invariant. Denote by Hn,d the lattice Z 2 togeter with the pairing 

2n — 2 /l o\ 
oj 

and denote by I n ^ the set of isometry classes of pairs ( H , w) such that H is isometric 
to H n d and w is a primitive class in H with (u>, w) = 2n — 2. Given a positive 
integer d let J^(A") C iL 2 (A, Z) be the subset of primitive isotropic classes A with 
respect to the Beauvillc-Bogomolov form such that Div(A) = d. Note that this set 
is clearly monodromy invariant i.e. Mon 2 (A) • J^(A") C Id(X). Note that if X' is 
deformation equivalent to X and P : H 2 (X, Z) —> if 2 (A', Z) is a parallel transport 
operator then I d (X') = P(I d (X)). 

Lemma 6.3 [Marl4, Lem. 2.5] Let A denote a primitive isotropic class in 
H 2 (X, Z), let l and v as above and set d := Div(A). 

{{) The square d 2 divides n — 1 and the lattice H( A) is isometric to H ritd - 
(ii) The map defined by 

id : I d (X)-^I n4 , Y —► [(if(AV)] 

induces a bijection Id (A) /Mon 2 (A) —> I nt d- 
(Hi) For the pair (H(X),v) there exists an integer b such that (i,(X) — bv) / Div(A) 
is an integral class of H( A) and the isometry class i9(X) of ( H(X),v ) is 
represented by (H ntd , (d, b )) for any such integer b. 
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Remark 6.4 The integer b in Lemma 6.3 (iii) satisfies gcd (d,b) = 1. Indeed, if 
they would have a common divisor say r > 1 , then we could write the equation in 
Lemma 6.3 (iii) as 

i(A) = dm + bv = r(d'm + b'v) 

for integers m, d' and b' which is a contradiction to the fact that z(A) is primitive. 

The map d : /^(X) —y I n d is also called a monodromy invariant for X, see 
[Marl3, 5.3] for the general notion. 

Lemma 6.5 [Mar 14, Ex. 3.1] Let d be a positive integer such that d 2 divides n — 1 
and let b an integer satisfying gcd(d,b ) = 1. Then there exists a Beauville-Mukai 
system i r : Mh{v ) —> P n and a primitive isotropic class a G H 2 (Mh(v), Z) such 
that the following holds. 

(i) Div(a) = d, 

(ii) the monodromy invariant d(a) is represented by (H n ^, (d,b)), 

(iii) C\(n*Of>n ( 1 )) = a. 

Proof: This is a more detailed and complete version of [Marl4, Ex. 3.1]. Let S 
be a projective K3 surface together with a nef and primitive line bundle L on S of 
Bogomolov degree (2 n — 2)/d 2 e.g. take a (2 n — 2)/d 2 -polarized K3 surface. Set 
(3 := C\(L) and let s be an integer such that sb = 1 mod d. Then v ■— (0, d/3, s ) is 
a Mukai vector. In particular v is primitive since (3 is primitive and gcd(d, s) = 1. 
Choose an v-generic ample class H. We have (v,v) = d 2 ([3,[3) = 2n — 2 hence 
Mfj(v) is irreducible holomorphic symplectic of dimension 2 n and we obtain a 
Beauville-Mukai system 7r : Mjj(v) —> |L d |* as described in section 5. We have 
Mukai’s Hodge isometry 


0 : v ± 


H 2 (M h (v), Z) 


which can be defined as follows. Choose a quasi-universal family of sheaves £ on 
S of similitude p G N, cf. [Muk87, Thm. A.5]. That is £ G Coh(A x Mh(v )) such 
that £ is flat over M H (v) and for every class T G M H (v) one has £|s x {.f} — 3F® P . 
Then set 



where x y = —Xq + £2 + £4 for x = Xq + X 2 + X 4 and [^2 denotes the part in 
H' 2 (S x Mh(v),Z). For the details see [YosOl, 1.2]. 

Set a := 0(0,0,1) which is clearly isotropic and define l : H 2 (Mh(v), Z) —» 
H*(S, Z) to be composed with the inclusion v L '-G H*(S, Z). 

(z) An element ( r,c,t ) belongs to W iff 


0 = ((0, d(3, s), (r, c, t)) = d(/3,c)—rs rs = d(/3,c). 


Hence d divides r since gcd(d, s) = 1. Further we have ((0, 0,1), (r, c, t)) = 
r for all (r, c, t) G v L hence Div((0, 0,1)) > d. As the K3-lattice is unimod- 
ular we have T 3 iv H 2 ( S ^(( 3 ) = 1 in H 2 (S,Z). This implies that Div(/3) = 1 
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in iA hence we can find an element c G H 2 (S, Z) such that s = ( c, (3). 
Then (d, c, 0) is contained in v 1 and ((0, 0,1), (d, c, 0)) = d hence 

Div(a) = Div(0,0,1) = d. 

(ii) We have i(a) — bv = (0, 0,1) — (0, bd/3, bs ) = (0, bd/3, 1 — bs ) which is 
divisible by d since sb = 1 mod d by assumption. By Lemma 6.3 (iii) the 
monodromy invariant d(a) is represented by (H nd , ( d,b )). 

(iii) Let to = [p] G H 4 (S,Z) denote Poincare dual of a point p G S. By our 
notation we have c o = (0, 0,1) = cu v G H*(S). Since S' is a K3 surface one 
has ^Td(S) = 1 + to hence yTd(S)a; = cu. Note that £ is a sheaf of rank 
zero hence ch(£) = pc\(£) + £ = p[D\ + £ for some divisor D in S x Mh(v) 
and for some terms £ of higher degree. Further (pr s )*u; = [p x Mh(v)\ G 
H 4 (S x M h (v), Z) and [(pr Mfr(l>) )!(£ • [p x M H (v )])] 2 = 0 due to degree 
reasons. Then we have 

0(0, 0,1) = (pr MffW ), (D ■ \p x M h (v)}) 

= [J 7 G M h (v) | p G supp(J r )] 

= n*[C G \L d \ | peC] 

= 7r* Cl (0| L d|(l)) = Cl (7T*0| Ld |(l)) 

since V ■— jC G \L d \ \ p G C| is a hyperplane in a projective space, hence 

\y] = Cl (o m ( i)). 

□ 

For a fixed K3l n l-type manifold X we have defined the monodromy invariant d : 
Id(X) —» If A"' is another K3^-type manifold then we denote the monodromy 

invariant also by d : Id(X') —> I n d . 

Lemma 6.6 [Marl3, Lem. 5.17] Let Xi — 1,2, be two -type manifolds 
and ei G Assume that d(e\) = d(e 2 ), e* = ci(Lj) for holomorphic line 

bundles Li and that there are Kahler classes k* such that (Ki^ef) > 0. Then the 
pairs (Xi,Li) are deformation equivaleiit in the sense of Definition 3.8. 

Note that the Lemma above is stated in [Marl3] in a much more general set¬ 
ting, for monodromy invariants for irreducible holomorphic symplectic manifolds 
of arbitrary deformation type. 

Lemma 6.7 Let X be a nontrivial isotropic class in the closure C\ of the positive 
cone in H 1 , 1 ( X, M) with X an arbitrary irreducible holomorphic symplectic mani¬ 
fold. Then the Beauville-Bogomolov quadratic form satisfies (x, A) > 0 for every 
class x in the positive cone C\. 

Proof: As Cf is self-dual the cone coincides with its dual i.e. C\ = (C\-) v . This 
means (x,y) > 0 for all y G Cy- Taking the closure of the positive cone this 
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condition changes to (x,y) > 0 , in particular (a;, A) > 0 . As (x,x) > 0 and 
the signature of the Beauvillc-Bogomolov form on M) is (1, 62 (A) — 3) 

([GHJ03, Cor. 23.11]) the orthogonal complement a : -1 in // 1 , 1 (X,M) is a negative 
definite subspace. Therefore A ^ aA, otherwise (A, A) < 0. We conclude (x, A) > 0. 

□ 


Proof of Theorem 6.1: Let f : X —> P n a K3^-type fibration and set L := 
f*Opn( 1). Then A := ci(L) is primitive and isotropic with respect to the Beauvillc- 
Bogomolov quadratic form by Lemma 3.5. Let d Div(A) denote the divisibility 
of A. Consider the monodromy invariant d : Id{X) —> I n> d- By Lemma 6.3 (iii) 
there exists an integer b such that d(A) is also represented by (H nt d, ( d, b)). 

Then gcd( 6 , d) = 1 by Remark 6.4 hence Lemma 6.5 gives a Beauvillc-Mukai 
system 7 T : X' —> P" together with a primitive isotropic class a € iL 2 (A',Z) such 
that Div(a) = d, L' := 7r*d?nm(l) satisfies ci(L') = a and d(a) is represented also 
by (H n4 , (d, b )) i.e. d(a) = d(A). 

Further by Lemma 6.7 we have (c o,L) > 0 and > 0 for Kahler classes ui 

on X and u on X' as L and L' are isotropic and nef, therefore are contained in 
ICx C Cx and Kx< C C\, respectively. Hence we can apply Lemma 6.6 to see that 
the pairs (A", L) and (A"', L') are deformation equivalent in the sense of Definition 
3.8. By Proposition 3.9 there exist markings rj and rf on X and X' respectively such 
that the pairs (A", rf) and (A', rj 1 ) are contained in the same connected component 
of the moduli of Lagrangian fibrations ib], for a primitive isotropic class A' : = 
rj(ci(L)) G A. By Theorem 4.12 and Corollary 5.6 we have 

d(/) = d(vr) = ( 1 ,..., 1 ) 

which concludes the proof. □ 
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